With the purpose of understanding how time delay interferometry (TDI) combinations can best be used for the characterisation of LISA instrumental noise, we revisit their laser frequency noise cancellation properties. We have developed an algorithm to search for all possible combinations that suppress noise at the same level as the X, Y and Z classical combination. The algorithm calculates delays using symbolic formulas that explicitly include velocities and accelerations of satellites up to the relevant order. In addition, once a combination has been identified, delays are verified by solving numerically the relevant equations using Keplerian orbits and Shapiro delay corrections. We find that the number of combinations that suppress the noise is larger than what was reported in the literature. In particular we find that some combinations that were thought to only partly suppress the noise, in reality do suppress it at the same level of accuracy as the basic X, Y and Z combinations.
INTRODUCTION
With the aim of participating to the effort for the preparation for LISA [1] data analysis, we are studying methods to calibrate the noise during operations, and to discriminate spurious signals from gravitational waves.
One key element in the LISA data production chain is the post processing technique called Time Delay Interferometry (TDI) [2] aimed at suppressing the intense laser frequency noise. Data from the 6 independent laser links connecting the three spacecraft [1] , are properly time shifted and combined to form the final GW signal. This post-processing technique circumvents the impossibility of physically building in space an equal arm Michelson interferometer, which would intrinsically beat the frequency noise by comparing light generated at the same time.
Many possible TDI combinations that suppress the frequency noise have been identified in the past [3, 4] . Those combinations have different sensitivities to GW signals. Some are indeed rather insensitive and promise to be useful for the characterisation of instrument noise.
As instrument noise is expected to have multiple, independent sources, we are strongly interested to exploit all possible combinations that could allow to discriminate among those sources, and between them and the GW signal. We have thus revisited all possible TDI configurations that suppress the laser noise contribution to the level required by LISA.
To this purpose, we have developed our own search and verification algorithm, and used it to explore the space of possible configurations and to find those that fulfil the noise suppression requirements.
NOISE SUPPRESSING TDI COMBINATIONS
In order to assess if a given TDI combination suppresses the laser frequency noise we adopt a home-made version of the method of ref. [4] .
The basis for a TDI combination that suppresses the laser noise is, in our method, a set of space-time events placed on the worldlines of the three satellites.
Each event on a specific worldline must have a null space-time separation from other two events belonging to the same set, but placed on different wordlines. This way all events may be connected by LISA laser links, each event being at one of the ends of two different links (See fig. 1 ). The events falls in the three categories listed below.
FIG. 1. Space-time diagram of a TDI combination. The dashed lines represent the worldlines of the satellites. The dots represent the events. Different colours represent events of different nature as explained in the text. The red arrows represent LISA links, that is, light beams propagating between two events. The space-time length of each arrow is zero. The specific picture would represent the first generation X combination for stationary satellites.
1. The event may represent the simultaneous emission of two beams from one satellite toward the other two. This is the case of the event marked by the black dot in fig. 1 , where both links originate from the event.
2. The event may represent the simultaneous reception, at one satellite, of two beams originating at two different satellites. This is the case of the red dot in fig. 1 , where both links terminate at that event. Such an event represents a measurement of the difference of phase between the two received beams.
3. One link terminates at the event and one originates from it, as is the case for the blue dots of fig. 1 . This occurs when a satellite receives a beam from another satellite, and simultaneously sends out a second beam either back to that same satellite, like in a transponder, or over to the third satellite, like in a transmission relay. For simplicity, we will assume the two beams are being phase-locked. A differential measurement of their phases, however, would be completely equivalent.
A TDI sequence may contain more than one pair of emission/measurement events. The final TDI output is the sum of all the measurements performed at the measurement events.
One can check that the phase noise of the laser at any event, whatever its category, enters twice in the final TDI output, but with opposite signs. As a consequence its contribution to the output cancels out. [5] As clearly shown by fig. 1 , one way of looking at a TDI combination, is that the links form a closed path in space-time that one can follow starting from any of the events, passing sequentially by all the remaining events in the set, and eventually getting back to the initial one [6] . Along such a path, some links are followed from emission to reception, but some must be followed in the reverse order. Thus, along the path, the events are not ordered in time, otherwise the path could not both start and end at the same event, and then at the same time.
Thus, to search for a proper TDI combination, one may lay down a sequence of N events, connected by N-1 links, such that two contiguous events are on different satellites and have null space-time separation. Link number k may originate at event k and terminate at event k + 1, in which case t k < t k+1 , or viceversa, and then t k > t k+1 . If the sequence ends at the same event from which it starts, then it represents a proper TDI combination (See fig. 2 ).
In reality the sequence will always end at an event that is on the same satellite as the starting one, but at a slightly different time. In order to suppress the laser noise to the required accuracy, such time difference must be kept below 3ns, i.e. one light-meter [7] . Arrows directions indicate those of the corresponding links. Label 'e' stands for emission and label 'm' stands for measurement. Unmarked events are of transponder/relay kind. The figure also indicate the relative time ordering of two contiguous events. If the sequence is a proper TDI sequence, then events 1 and 13 happen on the same satellite and t 1 = t 13 . The 12 link sequence in the picture turns out to be a proper TDI sequence.
THE SEARCH ALGORITHM AND THE CALCULATION OF TIME DELAYS
In order to implement the programme above, one needs to estimate the time of light propagation along each link within the candidate TDI sequence.
These delays depend on time, as both the distances among the satellites, and their distances to the sun, are not constant. In the literature it is assumed that the time of propagation ∆t(t) of a beam emitted by satellite i, and received at time t at satellite j, can be approximated with sufficient accuracy as:
during the entire time it takes to the light to propagate throughout a TDI combination.
One can then propagate eq. 1 along the full closed path representing a TDI combination, neglect at each step terms of order L /c 2 or higher, and test if the sum of the delays is zero.
This can be done symbolically, i.e. without the need of assigning specific numerical values to L ij andL ij , which makes the algorithm very efficient. This is the idea at the basis of the algorithm used, for instance, in [4] .
Time delays formulas in different reference frames
In the spirit of carefully verifying all the steps of such a procedure, we decided to work out the explicit dependence of L ij andL ij on positions, velocities and accelerations of satellites, and expand them to the proper order.
In the standard heliocentric (i.e. celestial isotropic) reference frame, to null the space time separation between the event of beam emission at time t e with space coordinates r e (t e ), and that of beam reception at time t r and space coordinates r r (t r ), it is sufficient to solve the equation:
where all the relativistic corrections have been adsorbed in the Shapiro delay formula, which is the terms that carries in front the Schwarzschild radius of the sun R [8] .
The expansion of such equation to the relevant order produces a rather cumbersome formula, which is explicitly reported in eq. 18 on page 18 in the appendix. Such a formula is impractical for the symbolic search algorithm we need here.
The calculation of delays, however, can be done in any coordinate frame, as the simultaneity between two events, occurring at the same satellite, remains true in any frame.
It is important to stress though that this choice of reference frame has nothing to do with the practical implementation of TDI. That implementation will be based on data timestamping and pseudo-ranging measurements that all happen on board individual satellites, and will not require to pick any global frame to achieve noise cancellation. The choice of the frame is required here, and in the literature, only to verify the existence of TDI combinations that suppress the noise.
We show in the appendix that formulas simplify considerably in the Fermi normal frame attached to a point particle orbiting the sun [9] in the neighbourhood of the center of mass (COM) of the LISA constellation.
In such quasi-inertial system there are no inertial effects, because its axes are still non rotating relative to the celestial frame, but the gravity of the sun is cancelled to first order as the coordinate origin is in free-fall.
The residual deviation from a Minkowski metric is either of order R /R d 2 /R 2 or smaller. Here R is the distance of the COM from the sun and d is the size of the constellation. This is a suppression of non-flatness, and then of Shapiro delay, by a factor 10 −4 relative to the isotropic celestial frame.
Notice that in such frame the time coordinate is the proper time of the particle orbiting the sun, and differs from the celestial time coordinate by a scale factor which is irrelevant here.
In addition velocities and accelerations are significantly suppressed, leaving a very simple formula for the total delay. Such formula is calculated in the appendix sect. 6, and is:
Here, as explained in the appendix, ∆ r is the space vector separating the satellites at time t − ∆t, ∆ v is their relative velocity at the same time, v is the velocity of the emitter satellite, again at t − ∆t, and, finally, ∆r is the unit vector parallel to ∆ r.
Translating to the language of eq. 1, eq. 3 converts into:
The formula above has allowed us to implement a simple and practical symbolic algorithm to search for TDI combinations.
Numerical verification of the goodness of a TDI combination
As the symbolic formula contains many approximations, we decided to verify numerically the results of the symbolic algorithm, by calculating the total delay of each TDI combinations on the actual satellite orbits.
To do that we check that the coordinates of the satellites on their actual orbits, at the times of the various events in the sequence, fulfil the identity in eq. 2 to the right numerical accuracy.
This calculation is done in the celestial isotropic frame using the classical LISA orbits [11] .
The calculation starts from an event at one end of one of the links in the sequence. The event happens at a time t e that can be arbitrarily selected.
The event space coordinates r e (t e ) are derived from the orbit equation for the specific satellite on which the event takes place.
One looks then for the closest time t r at which the coordinates r r (t r ) of the satellite at the other end of the link, fulfil, together with r e (t e ) and t e , eq. 2. t r and r r (t r ) become then the coordinates of the next event in the sequence. Equivalently, if the link is followed in a reverse order, one starts from t r and r r (t r ), and calculates r e (t e ) and t e .
This procedure is iterated along the entire sequence of links and events, until the starting satellite is reached again. In order for the sequence to be a proper one, the time difference between this final event and the starting one must be less than the required minimum delay.
As one is interested to an accuracy of nano-seconds over a total propagation time of about hundred seconds, it is important to keep the precision of the calculation under control. With this we mean that the two sides of eq. 2 must be calculated with enough digits, 13 that numerical rounding does not affect the results, even after iterating the calculation over the entire TDI sequence. To be on the safe side we do calculations with femto-second precision.
Accuracy is less important. Indeed, orbits locally approximated by simple second order time polynomials, give the same results as the 'exact' LISA orbits, i.e. the same TDI combinations passes the test for both choices of the orbits. This provided that satellites separations, velocities and acceleration are of the same order as those in the 'exact' LISA orbits. This is consistent with the observation that the problem is locally well described by eq. 9 in the appendix.
We must say though that we kept also the accuracy of the orbit to a comparable level, expanding the solution of the Kepler equation up to the sixth order in the eccentricity. This is definitely more accurate than what we need, but gives us a good margin at the expense of a negligible calculation load.
In summary we have calculated delays with a precision better than pico-seconds, while accuracy is probably of order of a pico-second, limited by all approximation contained in eq.
2.
All the TDI combinations that have been found by the symbolic search algorithm, have also passed the numerical verification test.
RESULTS
Our search algorithm finds many TDI combinations for which total delay is of order of pico-seconds or less. We find a large number of combinations that include 16 links, but we also find combinations that only include 12 links.
As an example, the output of our search algorithm for the standard, second generation X combination [3] is illustrated in fig. 3 . The figure shows that total delay can be suppressed to the pico-second level. A second important example is the 12-link α combination as defined in [3] that is illustrated in fig. 4 . At variance with the literature we find that total delay is of the same pico-second order as the X combination.
To check that these results do not depend significantly on the selected day, we have repeated the calculation for ten more days, randomly picked along the LISA orbit. As an example, the time difference between the first and the last event, for both the second FIG. 4 . Output of the search and verification algorithm for the the α combination as defined in [3] . Definitions are the same as those for fig. 3 generation X and for α, are reported in table I . In the same table, we report, for comparison, the sum of delays calculated for a first generation Michelson, and even for the standard Michelson one would do for a LISA with fixed and equal arm-length. As expected, the residuals for those combination coincide, in order of magnitude, with the values, calculated from the orbits, of ( v r − v e ) · r r (t r ) − r e (t e ) /c 2 and ∆ r r (t r ) − r e (t e ) respectively. Here ∆ r r (t r ) − r e (t e ) is the difference of the length of the two arms used for the Michelson.
We also find other 12 link combinations, besides the α, that cancel noise within the same accuracy as α. Once the set of all noise canceling 12-link combinations has been purged from obvious internal symmetries, like a circular shift in the sequence, we remain with 12 such combinations in total. By reducing the set also for satellite permutations, 3 combinations remain, all the others being obtained from these 3 by a permutation of the three satellites, possibly followed by a circular shift of the sequence.
One of these three combinations is α. The remaining combinations differ, one from the other and from α, by the number of pairs of emission-measurement events they include. One includes two such pairs, while the other includes five of them.
These sequences are illustrated in fig. 5 . The number of possible 16 link TDI combinations we find seems to us larger than that reported in [4] . A deeper analysis to establish the correspondence among the combinations found there and our ones will be performed in the future.
DISCUSSION
These results are somewhat different from what people find by using eq. 1, and leaving completely open the effect of the interchange of the two satellites at the end of a link, that is:
It is this lack of symmetry that, when consistently propagated along a TDI sequence, brings to the conclusion that some TDI combinations, specifically all those consisting of sequences of 12 links, do not cancel the noise as well as the standard X combination.
The results in eq. 4 show instead some relevant symmetries. Let's define v i and v j as the components of the velocities of emitter and receiver respectively, both taken along the direction of ∆r, but each taken positive when pointing away from the other satellite, see fig.
6.

FIG. 6. Schematics of the velocity convention
Let's also define L o,ij = |∆ r ij |. Then:
These differences have significant consequences. For instance, for the sequence of fig. 2 , assuming that only the more general eq. 5 holds, we get:
If the more restrictive eq. 6 holds, the quantity above is found to be zero, and we get
Same is true for any other 12 link combination, for which eq. 5 gives always t 13 = t 1 , while, with eq. 6, as said, we were able to find some proper combinations.
In particular for α [3] :
while, again, in the quasi-inertial frame we get t 13 = t 1 .
Needless to say, for the 16 links X, Y and Z combination both methods give t 17 = t 1 .
It must be said that, in the heliocentric frame, where eq. 15 at page 18 holds, indeed we find that eq. 5 holds. To reconcile this with the observation that, in that same frame, and for combinations such as α, numerical calculation give nevertheless zero delay, one has to imagine that some non obvious cancellation should take place, would one accurately lay down, at each step, all the terms entering in eq. 15. We plan to investigate if this is indeed the case.
It must be said that actual suppression of phase noise in LISA will depend on many other technical details. Performance of spacecraft-to-spacecraft ranging, of the frequency distribution system, and of the sophisticated sequence of filtering, sampling and interpolation of actual data, will set the final figure.
Nevertheless the result presented here open up the possibility to explore if these additional TDI combinations, once implemented in the actual measurement scheme, may be used for instrument characterisation, both for noise discrimination and for cancellation of non astrophysical signals.
APPENDIX. DETAILED CALCULATION OF DELAY
To calculate the delay, we approximate the positions of the emitter at the time of the emission t e = t − ∆t, and of the receiver at the time of reception t r = t, as:
Here we have made the assumption that the satellites are moving with constant accelerations, at least during the total time of propagation of light throughout the constellation. This approximation is reasonably good: with the nominal LISA orbits from ref. [11] , the difference between the exact orbit and the constant acceleration approximation is less than a millimetre over an elapsed time of 200 seconds. Such a time lapse is definitely longer than the total time of light propagation in any of the TDI combinations of interest here.
We can plug the expressions in eq. 9 into the condition in eq. 2 , and expand the result with Mathematica to get:
− ∆t 3 a · v + a 2 t + ∆t 4 a 2 4 = 0,
where δr/c is the Shapiro delay which, within the requested accuracy, does not vary appreciably over the propagation time associated with a TDI combination.
Let's now define u = ct/|∆ r|, ∆u = c∆t/|∆ r|, v 2 a = | a||∆ r|, and finally ∆v 2 a = |∆ a||∆ r|.
In addition for any vector x, we callx the unit vector parallel to it. Eq. 10 becomes then: 
The various terms in eq. 10, have rather different values depending on the reference frame one uses.
We begin with the celestial isotropic frame. Quantities may be estimated using nominal LISA orbits as specified in [11] . This choice however ignores the gravitational perturbations of the other bodies. To be on the safe side we have also checked the results with the orbits resulting from ESA's Concurrent Design Facility study run in 2017 [10] obtaining comparable results.
1. ∆u 1 and u may be at most 8. We need to know the delay within the equivalent |∆ r| R 2 × 10 −10 . Simulated orbits give that indeed |∆r· a| c 2 9 × 10 −11 , the small reduction being probably due to the angular factor. 5. For these low eccentricity orbits the differential acceleration is ∆ a R 2R 3 ∆ r. This gives ∆v 2 a
